ABSTRACT Nowadays, sexually transmitted diseases have seriously threatened public health and damaged the economy. The popular models on the bipartite scale-free graph have been succeeded in the description of the positions of individuals with the network of partnerships. In this paper, we consider a mean-field sexually transmitted disease model on complex networks. We take a new insight into the mean-field model on complex networks from an edge compartmental view of points. We adopt a concise method to calculate the basic reproduction number and seek to threshold phenomena by a Lyapunov approach. The results show the consistency between the mathematical calculations and biological explanations.
I. INTRODUCTION
Mathematical models play an important role in identifying etiological agents and risk factors to deeply understanding of the intrinsic mechanisms and making useful control strategies. Sexually mathematical models [1] - [10] have been used to describe the position of individuals with the network of sexual partnerships. Each individual can be considered as a node, the degree of a node is the number of the sexual partners and the edges are generated by the sexual interactions. Hence, network methods can capture the spatial and temporal relationships between sexual partners. Some real data have been collected by sexual surveys and showed that the degree distribution of an individual obeys a power-law distribution, p k ∼ k −γ , with γ ∈ (2, 3] [11]- [14] . Gómez-Gardeñes et al. [15] constructed a SIS epidemic model on a bipartite scale-free graphs to study the sexual transmission on heterosexual populations. Data supported that the homesexual transmission is non-ignorable factor in exploring the dynamics of sexual diseases. Li and Jin [5] studied a SIS sexually transmitted disease model coupling homosexual contacts and heterosexual contacts. They show that the disease outbreak is determined by the homosexual threshold or the heterosexual threshold. Zhang et al. [6] proposed a mean-field sexual transmission model on a bipartite
The associate editor coordinating the review of this manuscript and approving it for publication was Zhan Bu. graph. The total population is divided into two parts: N m males and N f females. They assumed that p j (k)(j = f , m) represent the degree distributions of female and male populations, respectively. ,
. A mean-field SIS model on complex networks with the description of sexually transmitted diseases reads as follows: dS
where
denote the numbers of susceptible female (male), infected female (male) with degree k at time t. λ f j (j = 1, 2) denotes the transmission rates from male to female and female to female; λ m j (j = 1, 2) represents the transmission rates from female to male and male to male, respectively. The infected female (male) individual recovers and become the susceptible female (male) individual at rate µ j (j = f , m). In this paper, we are concerned with some new aspects from mathematical and biological view of points. In order to consider the completely dynamics of system (1), we assume that system (1) has the initial condition in terms of
Hence, system (1) has the following properties:
For any above case of such properties, system (1) can be simplified a SIS epidemic model only considering homosexual transmission on a scale-free networks. Several literatures [11] , [16] , [17] have been completely investigated the dynamics of the simplified model, which is determined by the basic reproduction number
In the sense, if R j0 < 1(j = f , m), then the disease-free equilibrium E 0 is globally asymptotically stable; if R j0 > 1 (j = f , m), then the endemic equilibrium E * j is globally asymptotically stable. Now, we will investigate the relationship between the single transmission (homosexual transmission) and the mixed transmission (both homosexual transmission and heterosexual transmission).
As we know, the basic reproduction number R 0 is a key value for the study of dynamics of infectious disease. Much efforts on the estimation of such value [18] - [20] have been attracted during the recent decades. In view of such value on the bipartite graphes [5] - [7] , [21] , most of them are accompany with the extraction of a root. However, the expressions of R 0 with such term are hard to give clear interpretations from epidemiological view of points. From the process of the theoretical analysis [5] - [7] , it is hard to see that the theoretical results are directly related with R 0 expressed by the extraction of a root. On the contrary, it is closely related with an equivalent value without such style root. In this paper, we propose a concise method to overcome the inconsistency between the mathematical results and biological explanations. We adopt the method proposed by Yang and Xu [20] to calculate the formulation of R 0 . This method has been succeeded in calculating R 0 of epidemic models on complex networks, concluding mean-field models, pairwise models and edge-compartmental models.
On the other hand, we propose an easier method for proving the global stability of the equilibria instead of one proposed by Zhang et al. [6] . We have noted that such method in [6] is tedious and is hard to achieve undesirable consequences. In this paper, we employ the methods for studying the dynamics of the multi-group models to investigate the dynamics of epidemic models on complex networks.
Undoubtedly, the dynamics of the two mentioned special cases are very clear. Next, we assume that S j k (0) > 0 and I j k (0) ≥ 0(j = f , m). It follows from the structure of system (1) that for all
Thus, system (1) can be rewritten as the following form
From the definition of j (t)(j = f , m), we can change system (2) as a likely edge-compartmental model (see Fig.1 ).
VOLUME 7, 2019
Clearly, system (3) has a positively invariant set
In what follows, we are concerned with the dynamics of system (3) taking initial values from .
II. THE REPRODUCTION NUMBER
Following the steps in [20] , we need to focus on the variation of infected edges and then get the renewal equation associated to infected edges. Obviously, system (3) has a disease-free equilibrium E 0 (1, 0, 1, 0). Linearizing system (3), we obtain a system in the disease edges invasion plane
Solving (4) yields
Substituting (5) into (6), we obtain
Therefore, if R f 0 < 1 and R m0 < 1, (7) is integrable and it is a renewal equation. Taking the steps by Yang and Xu in [20] , we have that the basic reproduction number R 0 is defined in term of
denotes the basic reproduction number for the heterosexual transmission. Now we give a clear explanation from biological and network view of points. Firstly, we note that the basic reproduction number for homosexual transmission (female to female or male to male) transmission is defined by
denote the average remaining male (female) neighbours (excess degree) infected by an infected female (male) node; , m) represent the probability of a female to female (male to male) edge causing infection.
Secondly, the basic reproduction number R fm for a heterosexual transmission is defined by (9) .
) represents the remaining neighborhoods (excess degree) infected by an infected male (female) node; , m) represent the transmitted probability of a female to a male (a male to a female) edge causing infection.
Finally, there are three contributions on R 0 defined in (8): the first one is from the heterosexual transmission, the second one originates from male to male transmission, the third one stems from female to female transmission.
In view of (8), it is easy to see that if you want to calculate the formulation of R 0 , the transmission ability for homosexual transmission must not be strong enough. In fact, if R j0 > 1(j = f , m), the disease due to homosexual contacts has breaked out. Hence, R 0 can't be achieved by analyzing the system at the disease-free equilibrium E 0 . Therefore, the obtained value R 0 in (8) is coherent from mathematical and biological view of points.
III. GLOBAL DYNAMICS
In this section, we deeply insight into the dynamics of system (3) only dependent on R 0 defined in (8) .
Theorem 1: If R 0 < 1, then the disease-free equilibrium E 0 is globally asymptotically stable.
Proof: Define a Lyapunov functional as follows
Taking the derivative of V (t) along the solution of (3), we obtain
When R 0 < 1, the equality holds if and only if s f k (t) = s m k (t) = 1 and m = 0. From the last equation of (3), we conclude that f (t) = 0. Consequently, the disease-free equilibrium E 0 is globally asymptotically stable.
Let us define the following sets
Now, we prove the persistence of system (3) if R 0 > 1 and
Proof: Since R 0 > 1, then we can pick up two constants
where Therefore, there exist two positive constants
From the first and the third equations of (3), for all
Then substituting s j k (j = f , m) into the second and the third equations, one arrives at
Solving equations (14) and (15), we have
where f is a positive and integral function with respect to t if R j0 < 1(j = f , m). Taking a real Laplace transform on both sides of (16), we get
contradicts (12) . Therefore, (11) holds immediately.
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Lemma 2:
Proof: By way of contradiction, suppose that (18) doesn't hold. It follows from Lemma 1 that there exist two increasing sequences {t j n } and {τ j n }, j = f , m such that for each n ∈ N,
By the positivity of j (t)(j = f , m) and s j k (t)(j = f , m), together with the second and fourth equations of (3), it is easy to see that for all t > 0
Integrating the above inequalities, we have for all n ∈ N
If there exist two positive values T (19) and (20) ensure that lim inf t→+∞
is an increasing sequences such thatT j n → +∞ as n → +∞. Letting n large enough, there must bet n > T 0 , where T 0 is as in the proof of Lemma 1. Noting that the last inequality of (19), we conclude that for each t ∈ (t j n ,τ j n )(j = f , m) inequalities (13) hold. Without loss of generality if we set φ(t j n )(j = f , m) as a new initial condition, inequalities (14) and (15) hold for all t ∈ (0,T j n ) ⊂ (0,τ n −t n )(j = f , m). Similar to the proof process of Lemma 1, multiplying e −η j 0 , η 0 j > 0(j = f , m) and integrating t from 0 toT m n , we obtain
Letting n → +∞, (17) readily holds. As in the proof of Lemma 1, inequality (17) contradicts (12) . Therefore, inequality (18) satisfies. Lemma 2 implies there exists a global attractor A attracting all the nonempty compact sets of 0 . In the sense, system (3) has at least one endemic equilibrium
, whose components satisfy the following equations
Theorem 2: If R 0 > 1 and φ 0 ∈ 0 , then the endemic equilibrium E * is globally asymptotically stable.
Proof: Let us candidate a Lyapunov functional as follows
In this section, we conduct numerical experiments to validate our theoretical results. The networks for the sexually transmitted diseases are scale-free in many literatures [6] , [15] . Hence, the degree distributions for female population and male population obey
For the sake of convenience, we set the minimal degrees and maximum degrees are 1 and 10 for male population and 2 and 8 for male population, respectively. The numbers of the female and male populations are N f = 100 and N m = 80. Now, we fix some parameters as follows:
In the following figures, the dot lines denote the density of infected female edges f (t), the solid lines represent the densities of infected male edges m (t).
Firstly, let λ m 2 = 0.13, we calculate that R f 0 = 0.7549 < 1, R m0 = 0.8515 < 1, R 0 = 0.8946 < 1. From Theorem 1, we have seen that the system (3) converges to the disease-free equilibrium E 0 . Fig.2  (a) implies that the densities of infected female edges and infected male edges go to 0 as t → ∞. Enlarging λ m 1 = 0.15, we calculate that R f 0 = 0.7549 < 1, R m0 = 0.8150 < 1, and R 0 = 1.0343. Theorem 2 ensures that the endemic equilibrium E * is globally asymptotically stable. Fig.2 (b) indicates that the infected edges maintain some stable level when the time goes long enough.
Secondly, fix λ m 1 = 0.1. We set λ m 2 = 0.05 and other parameters are taken same as in Fig.2 . We calculate R f 0 = 0.7549 < 1, R m0 = 1.0187 > 1 and R 0 = 1.3618 > 1. Fig.3 (a) shows that the infected edges approach some constant values as t go to infinity.
Finally, we fix λ m 2 = 0.04 and set λ f 2 = 0.05. Directly calculating, we have R f 0 = 1.2582 < 1, R m0 = 0.8150 > 1, and R 0 = 1.4499 > 1. From Theorem 2 and Fig.3 , we conclude that the endemic equilibrium E * is globally asymptotically stable. Fig.3 implies that if a sexually transmitted disease breaks out in any subpopulation the disease becomes endemic in the whole population. From control view of points, the priority task for controlling the sexual diseases is to suppress the outbreak in subpopulation.
V. CONCLUSION
In this paper, we gave a concise method to study the dynamics of the sexually transmitted diseases on complex networks. We adopted the method proposed by Yang and Xu [20] to calculate the basic reproduction number R 0 , which drops off the term with the extraction of a root. We gave a new insight into the expression of the basic reproduction number. This value is strictly dependent on R fm from the heterosexual transmission and R j0 (j = f , m) from homosexual transmission. We gave a clear interpretation of R 0 from the epidemiological view of points. We believed that R 0 defined in (8) can be happily acceptable by epidemiologists and biologists. Our results show that the definition of R 0 is valid if and only if R j0 < 1(j = f , m). In the other words, once the disease become endemic in the interior of male (female) population, the disease become endemic in the whole population (see Fig.3 ). In this case, R 0 defined in (8) is not correct. This manifests the consistency between the theoretical aspects and the biological aspects.
Besides, we proposed a more concise and tractable method to prove the global stability of equilibria compared with the method proposed by Zhang et al. [6] . In view of Zhang et al. [6] , the expression of R 0 is too complex to give a reasonable explanation item by item. The proof process of global stability of equilibria in [6] is tedious and is hard to be tractable. However, in this paper, the formulation for system (3) is to implement a simple and concise form and the biological meaning is convenient item by item in Section II. Moreover, the value of R 0 strictly determine the global dynamics of system (3). In [6] , they only proved the global attractivities of equilibria. But, we strictly proved the global stabilities of equilibria. Therefore, the theoretical results in this paper are stronger than the obtained results in [6] . The proof method for constructing Lyapunov functional is more convenient to be tracked down than the simplification of some matrixes with higher dimensions. Furthermore, through the calculation of R 0 , the method proposed by Yang and Xu [20] can be generalized to estimate the basic reproduction number of more complex systems, nor limiting to the simple structure SIS and SIR. In the future, we focus on some important factors affecting the evolution of the networks, such as multiplicity [22] , game strategies [23] , and cluster [24] etc. He is also an active researcher involved in the study of dynamics of the epidemic models with markovian and non-markovian on complex networks. He has more than 50 publications in various international journals. His main areas of interests include mathematical biology, epidemiology, complex networks, and game theory.
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